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Transient Catalytic Ignition on a Flat Plate
with External Energy Flux
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Universidad Politécnica de Madrid, Madrid, Spain
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This paper deals with the transient analysis of the catalytic ignition of premixed gases over a flat plate of finite
thickness. The ignition process is facilitated by an external heat flux added to the combustible gases through the
plate. Activation energy asymptotic methods based on high Zeldovich numbers are used to deduce analytical ex-
pressions for the critical time for ignition. This ignition process can be characterized by three different stages: in-
ert heating, transition, and diffusion-controlled completion. The influence of the finite thermal conductivity of
the plate, which permits feedback of the heat on the transient ignition process, is also evaluated.

Introduction

XPERIMENTAL and theoretical investigations of

catalytic combustion have received special attention in
the literature in the past. This combustion process represents
an important alternative to conventional burners, especially
in gas turbine combustion chambers. With the use of
catalytic combustion, the nitric oxides emissions can be
greatly reduced. There are two types of catalytic combustion,
depending on the existence of the homogeneous reaction. In
both types, however, it is necessary to ignite the catalytic
reaction.

Catalytic ignition in a flat-plate boundary layer has been
the focus of several studies. Using the local similarity con-
cept, Artyuk et al.! numerically solved governing equations
for an adiabatic plate. Lindberg and Schmitz?? studied
numerically the surface ignition process for a plate and
wedge type of boundary-layer flow. These analyses were
made for the limiting cases of adiabatic and perfect conduc-
ting plates. Mihail and Teodorescu* used a refined numerical
analysis to solve the integral governing equations by applying
the Lighthill approximation® for high Prandtl and Schmidt
numbers. Ahluwalia and Chung® analyzed the same prob-
lem, but they solved the integral governing equations
through an erroneous utilization of the Laplace method. For
an adiabatic plate, these studies show the transition from a
kinetically controlled process close to the leading edge to a
diffusion-controlled process downstream. Lifan’ showed
that this transition occurs abruptly at a well-defined distance
for large Zeldovich numbers—i.e., for large values of the
ratio of the activation energy of the global catalytic reaction
to the thermal energy. Using activation energy asymptotic
methods, Lifidn and Trevifio® studied the ignition and ex-
tinction of the catalytic reaction in the flow of a reacting
mixture over a flat plate, including the longitudinal heat
transfer through the plate due to finite values of the thermal
conductivity. It was found that the critical Damkdhler
number for ignition is not strongly affected by this axial heat
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conduction. However, the finite thermal conductivity has a
strong influence on the extinction process. In general, the
ratio of the Damkéhler number for ignition to that for ex-
tinction is very large for high Zeldovich numbers. Thus, it is
convenient to work with surface Damkdhler numbers well
below those for ignition. In order to ignit the catalytic re-
action, it is necessary to have some external heat sources.
In a recent paper, Trevifio and Lifian® analyzed the steady-
state catalytic ignition process generated by an external
energy flux. The influence of the axial heat feedback due to
the finite thermal conductivity of the plate was evaluated.
They obtained the critical external heat flux for ignition as a
function of the flow and physicochemical parameters. It was
found that from a practical point of view, the total heat flux
for ignition decreases as the Damkohler number decreases in
the region of interest. Recently, Fakheri and Buckius!® nu-
merically solved the transient gas-phase governing equations
to study catalytic ignition on a flat plate. They studied the
two limiting cases of a perfect conducting plate and an
adiabatic plate.

The objective of the present work is to study analytically
the transient catalytic ignition process for flat-plate bound-
ary-layer flow with external heat flux. The gas phase is
assumed to be quasisteady. That is, the characteristic warm-
up time for the plate is very large compared with the
residence time in the gas phase. The influence of the axial
heat feedback mechanism through the catalytic device is to
be evaluated in the two limiting cases of a perfect conducting
plate and an adiabatic plate.

Formulation

The physical model analyzed is one of a gaseous combusti-
ble mixture flowing parallel to a catalytic plate of finite
thickness and thermal conductivity. The catalytic plate is ex-
ternally heated in order to achieve the catalytic ignition. Us-
ing the Lighthill approximation® for high Prandtl (Pr) and
Schmidt (Sc) numbers (which, in fact, gives good results for
Pr and Sc of order unity) and assuming no chemical reac-
tions and quasisteady behavior in the gas phase, the in-
tegrodifferential governing equations are given by
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with the kernel K(X,x) given as
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In the above equations, an Arrhenious-type one-step cata-
Iytic reaction and a uniform plate temperature in the
transverse direction, are assumed. Also, k, represents the
preexponential term of the catalytic reaction; n the reaction
order; Ta the activation temperature of the reaction; 7 and
C the temperature and the reactant concentration on the sur-
face of the plate, respectively; (—AH) the heat release per
unit mole of fuel consumed; A and A\, the thermal conduc-
tivities of the gas and the plate, respectively; D the mass dif-
fusion cofficients; v the kinematic coefficient of viscosity; d
the thickness of the plate; u,, T., and C, the velocity,
temperature, and reactant concentration of the freestream,
respectively; T, the temperature of the plate at the leading
edge; x the longitudinal coordinate with the origin at the
leading edge; p, and c, the density and the specific heat of
the plate, respectively; and g, (x,¢) the external heat flux per
unit surface.

The initial and boundary conditions associated with Eqgs.
(1) and (2) for the adiabatic leading and trailing edges are
given by T(x,0)=T,(x) and

T
+ (—AH)kyC"exp <—~Fa> +q,

aT
TZO at x=0 and x=L for all ¢ 3)
b

where L corresponds to the length of the plate.
Introducing the following nondimensional variables and
coordinates:
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the governing equations reduce to
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where the nondimensional parameters are defined as
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The nondimensional initial and boundary conditions are
then reduced to

0(x,0) =00 (x)

%0——:0 at x=0 and x=1 for all (8)
X

The parameter 3, gives the ratio between the energy released
by the chemical reaction to the thermal energy of the free-
stream and, in general, is of order unity. T is the Zeldovich
number defined as the ratio between the activation energy of
the catalytic reaction to the thermal energy of the mixture; in
combustion it is a large number. Also, & is the Damkdhler
number and represents the ratio between the residence time
to the reaction time; o the ratio of the ability of the plate to
carry heat in the streamwise direction to the ability of the gas
to carry heat from the plate, and g the ratio between the ex-
ternal heat flux added to the heat released by the catalytic
chemical reaction.

Analysis

This section is an analysis of the transient ignition of the
catalytic surface reaction on a flat plate with uniform exter-
nal heat flux. At time 7=0, the temperature of the plate is
assumed to be identical to that of the freestream. At time
7>0, a uniform heat flux will heat the plate. The
temperature of the plate will increase in a way that depends
strongly on the longitudinal heat flux (that is, on parameter
o), reaching a time where the chemical reaction is important
and leading finally to ignition. As shown in Ref. 9, it is con-
venient to work with Damkdhler numbers & well below to
those of ignition, that is, with values of §<1. In this case, it
is necessary to add a nondimensional external heat flux g of
order unity. The two limiting cases of a perfect conducting
plate (a¢— ) and the adiabatic plate (¢ =0) are analyzed in
this section.

Perfect Conducting Plate (a— )

In this limiting case, the temperature of the plate does not
depend on the longitudinal coordinate. Thus, Eq. (6) can be
integrated for the whole length of the plate, leading to

dé +qg+ 6 €
- —ex
dr a T P

S; Y"dy =20 ©9)

1+8,6
In Eq. (9), both adiabatic edges of the plate were considered.

In this case, the reactant concentration balance equation (5)
can be reduced after integration to the form

Y - —
~v=—| K&y (10)
where

2
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The energy balance equation (9) can then be transformed
to

de
——+q+2C =20 11
dr q (Ef) (11)
where the function G(&;) is defined as
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S
and
& NV 2

&= Ir_expl 15,0




1718 A. LINAN AND C. TREVINO

The asymptotic behavior of G (¢ /) can be shown to be

vE, 0.7 ~
G(gf)~ﬁ~ 3ngf for £—0 (12b)
and
G(&) ~1-2.10/V¢, for £¢>1 and n=1 (120)

In Fig. 1, G is plotted as a function of £, obtained from the
numerical solution of Egs. (10) and (12).

In this transient ignition process, there are three different
characteristic stages. First, there is an inert heating stage in
which the chemical reaction is frozen (& r=0). It is followed
by a transition stage in which the process changes from
kinetic to diffusion control. Finally, there is a heating stage
where the chemical reaction is completely controlled by dif-
fusion (¢ r— o), finally reaching a vigorous steady-state burn-
ing condition. In the following subsections, these three
characteristic stages are analyzed.

Inert Stage

Solution of the inert stage problem (G=0) from Eq. (11)
is given by

¢=Y2[l—exp(—27)] (13)

where ¢=60/q. We define a critical value of 6(6.) in the
following way:

T -1
e T
W (I'/6)

This critical value makes £,=1. In a first approximation, the
nondimensional time needed to reach 6, is given by

1 26
Tc=—~2~zn|1——qil (14)

Transition Stage

The inert stage ends when the nondimensional plate tem-
perature approaches 6.. When §~6, is of order 1/T,, the
chemical reaction is important and has to be taken into ac-
count. Here, T, means the appropriate Zeldovich number
and is defined as

- T
T (1+8,8,)2

To study the transition stage, it is then convenient to in-
troduce ¢ of order unity defined as

y=2r(0-0.) (15)

Thus, Eq. (11) transforms to

k26 (16)

whre o is the stretched nondimensional time defined as
o=2T (r—7,) a7

and K is the nondimensional heating parameter K=¢g—20,.
Matching the inert stage solution is automatically satisfied
with Y~ Ko for 60— —

Equation (16) can be numerically integrated, giving the
evolution of ¢ with ¢ for this transition stage. In Fig. 2, ¢ is
plotted as a function of ¢ for different values of the heating

AIAA JOURNAL

parameter K of order unity. At the end of this transition
state, Eq. (16) reduces to

dy
——=K+2
a5 oK+ oy

Equation (18) shows that this ignition process cannot be
characterized by a thermal runaway, due to the fact that, at
the end of this transition stage, the reactant is rapidly con-
sumed on the surface and the reaction is then controlled by
the diffusion through the boundary layer, K<1.

For values of K<1, the transition stage is very large.
Thus, a different approach must be employed to study the
ighition process. In this case, the transition stage must match
a weak asymptotic inert stage. Therefore, it is convenient to
introduce a pretransition stage that couples the inert and
transition stages. In this pretransition stage, £,<1, but dif-
fers from zero. Therefore as given by Eq. (12b),

JE, 073
G(ep) oL =2

ng; for £,—0

Equation (11) then transforms to

do 1.46
__d_+q+ £— nk,=20 for £,—0 19
T

0 i
1
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Fig. 1 Reaction parameter G as a function of &; for y=1.
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Fig. 2 Transition stage structure, showing ¥ as a function of g, for
different values of the heating parameter K.
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In the inert stage, the temperature of the plate will reach the
value of g/2 asympotically for large times. Therefore, it is
convenient to introduce the following expansions:

0=0,+¢y and g=q,+e¢q’ (20)
where g, =26, and the value of 6, will be found later. Here ¢
is a small number and represents the inverse of the Zeldovich
number appropriate in this case and is defined as

e=1/T, = (1+8,6,)2/T 1)

Introducing Eqgs. (20) into Eq. (19), we obtain

dy B, ed?
—_——tg+AeY |l ——— | 486nA2e? =2
dr grae (1+8,0,)? 0-486nA’e v @
where
oI Tre
A=—"Lex 4
T P 1+8,6,

As shown by this relation, A depends on 6,. Thus, the best
way to define 6, is to make A=1. Matching with the inert
stage indicates that

Y~ —exp(—20)+q’'/2 for 6—+— (23)

where o=7— Y2bnlq,0,/21.

The asymptotic behavior given by Eq. (23) is to be used
for the integration of Eq. (22). Close to the critical condi-
tions denoted by the subscripts ¢, the solution to Egs. (22)
and (23) can be obtained through the introduction of the
following expressions:

Y=y + ), ey,
n=0

and
a'=q/+ Y, e'q, 24)
n=0
10
B -
"
fp)
6 pr0
4
2—

fip)=vp for p»0
:\/:p p<0
=1 p=0

Fig. 3 Pretransition stage structure for different values of the
parameter p (for values of p>0, ignition is obtained).
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Defining the new time scale as s =Ve o, we obtain the follow-
ing set of equations, resulting from the collection of the
terms with the same power of e:

eve—2y.=—q/ of order ¢’ (25)
(e¥e =2y =0 of order ¢* 26)
(e¥e - 2), =%— h——p of order ¢!, etc. @7n
where
p=q{— % —0.486ne%c

Equation (25) gives the critical values of
Y. =2 and g/=2 1621} (28)

Equation (26) is trivial. Equation (27) gives the evolution of
¥ with time and thus transforms to

T Yi+p 29

with the initial condition given by
Y, ——o as s—0 (30)

The solution to Eqgs. (29) and (30) is given by

T 12
\/Z arctg( ) for p>0 31
TF l +\/— . for p<0 32)
s=—1/Y, for p=0 (33)

Figure 3 shows the ¢, profiles as a function of s for different
values of p. Ignition occurs only for positive values of p.
Therefore, this gives the correction to the critical value of the
external heat flux to obtain ignition. The time needed to reach
the apparent thermal runaway is given by

s=n/Np
or
r 1 T
T=TC=7I'| 7"+2—en qaza for p>0 (34)
with 262)B
1
=g ——2T0 1 944n
U146,

For negative values of p, that is when the critical external heat
flux is less than that needed for ignition, ¥, reaches the steady-
state value of

—v —p for 7o

In the time scale s, we obtain a thermal runaway at the end of
the pretransition stage. However, a very short transition stage
must follow at the end, which matches the final or dlfqulOIl-
controlled stage.

Final Stage
In this final or diffusion-controlled stage, the equation

de

T

=q-20+2 (35)
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has to be solved with the initial conditions =8, at r=7,. The
solution is

0="Va(q+2)— Va(K+2exp | —2(r—7,) (36)

which shows that equilibrium 8 = 2(g + 2) is reached at 7— oo.
Figure 4 schematically diagrams the evolution of the non-
dimensional temperature of the plate for different values of
the parameter K.

Adiabatic Plate (a«=0)
In this particular case, the governing equations transform to

_S Yex ( I _ ! SYK(- ydy 37
T OP\T3g,6/ T Vg i H XX

and

a0 1] ( Ie ) 1 S‘” -
- g+ yrexp(———) =—\ K(z.x)dd
ST a - Yrexp T+8.5 Vx Jo (%) (3%

associated with a leading-edge value of 6 =0. In contrast with
the previous limit of perfect conducting plate, we can identify
only two stages in this limiting case of an adiabatic plate.
There is an inert stage in which the chemical reaction can be
neglected. It follows a transition stage that ends with a thermal
runaway at a specific ignition time.

Inert Stage
In this inert stage, Eq. (38) transforms to

3¢ 3 1 ¢ ~ -
?_I—WSOK(x,x)dqﬁ (39)

where ¢ =0/qg. As shown by Trevifio and Lifidn,!! Eq. (39) ad-
mits a self-similar solution of the form

¢=71Q(n) with p=x/7° (40)
Thus, Eq. (39) reduces to

do 1 o )
Q-2 —-=1——S K(5,n)d 41
"dn v do (%,m) (C3V)

The initial condition is given by 2(o) =1. In fact, it can be
shown that the asympotic behavior of Q for large values of 4

20
[
=2 (K1)
s 1515)
-15
805
1.0
-q'L transition stage
05(-5)
1 2 3 4
1 1 1 T i

Fig. 4 Evolution of the nondimensional temperature of the plate
with time for different values of the heating parameter K.
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are given by
Q~1-(1/2vVy) for n—o 42)

On the other hand, the equilibrium condition or steady-state
solution can be found as!!

V3T (4/3)1'(1/3)
Q~——— " "y f -0 4
(53 o “3)
where I'( ) corresponds to the gamma function.
In Fig. 5, Q is shown as a function of 5 after numerical in-
tegration of Eq. (41).

Transition Stage

The chemical reaction is important only in regions close to
the trailing edge, where the temperature reaches the highest
value. In this reactive zone, the frozen nondimensional
temperature ¢ can be expanded as

o=¢ (1) +y(x—1D+Nr—7,) +... (44)

with ¢,(7.) as the value of ¢ at the trailing edge at a critical
time 7, to be defined later. Also,

]

'y=(—¢) at x=1 and 7=7,
ax

>\=<ai) at x=1 and 7=71,
or

The nondimensional temperature of the plate 6 can be
assumed to be given by

0=0.+ (gp—0.) + (Y/T,) + O(1/T,)? (45)
where ¢ is of order unity and 6. the corresponding tem-

perature at the critical time 7., which will be given later. I',
is the equilvalent Zeldovich number given by

r,=T/(1+8,6,)? (46)
1,0r-
Q
054
0 1 1 L 1
01 1 10 100 5 1000

Fig. 5 Similarity parameter Q as a function of 5 for an adiabatic
plate.

10k
19

? 0.7305

05

0 1 1 | 1
.01 1 1 10 100

-

Fig. 6 Parameter ./q as a function of the critical nondimensional
time 7.
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or
1 fa(gM)
10 TI_TC+T‘:_ q)\ (56)
A From the definition of A in Eq. (48), we obtain for 6,,
W(l/6
0.5 00 = —(L ] (57)
I'—3,(T/6)
Once 6, is known, 7. can be obtained with the utilization of
the similarity relations [Eq. (40)] as
0 } 1 !
0 1 1 T 0

Fig. 7 Parameter A, denoting the rage of change of the nondimen-
sional temperature at the trailing edge for frozen flow, as a function
of the critical nondimensional time 7.

Using Eq. (45), Eq. (38) transforms to

_%_%+ACY"exp{qI‘e[(x—1)+)\(T—'Tc)]}eXp"l’
S U 2
= Ty So K(x.x)dy “7)
where
Ao _.E‘_’_> 48
=T P\T+g,0, “

and is of order unity. Equation (47) dictates the following in-
ner independent variables:

(=T (1-x) and o=T,(7—7,) (49)
Thus, Eq. (47) transforms to

a
—a—‘/;+ACY"exp(qo)\—q§"Y)€XP‘/’=0 (50)

which shows that this inner zone is transient reactive in
nature. Therefore, the ignition characteristics are obtained at
the trailing edge (¢=0),

dy,
= A, Y’exp IgoNlexpy, (51)

This equation has to be integrated with the condition
Yy—0 as g— —oo (52)
which matches with the inert stage. Introducing the inner

variables into Eq. (37) shows that, in a first approximation
Y, =1. Integration of Eq. (51) with Eq. (52) gives

A, -1
expy, = |1 ——(})\—exp(qo)\) (53)

which shows that ignition (Y, — o) occurs for
A, =ghexp(— goN) (54)

Equation (54) shows that A, can be selected in such a way
that runaway takes place at ¢=0 (r=7,). However, we
follow a second procedure, fixing the value of A, =1 and ob-
taining the ignition time ¢, as

ILACN)
T aN

(55

0, =1.0(1/7%) (58)

This relation is shown in Fig. 6. The parameter A is then ob-
tained as a function of 7, as

do 1
A=0-2n— at n=— 59)
‘ dn T:

This relation is shown in Fig. 7. The ignition time can be
determined with the aid of Eq. (56).

Conclusions

In this work, a transient analysis was made of the catalytic
ignition in a flat-plate, boundary-layer flow with an external
energy flux. The plate was assumed to have finite thickness
and thermal conductivity and an initial temperature equal to
that of the freestream. Two types of analyses were made
depending on the parameter «, which denotes the ratio be-
tween the thermal resistance of the gas and that of the plate.
For high thermal conductivity in the plate (i.e., a—), the
temperature of the plate depends only on time. There are
three characteristic stages on the transient process. First,
there is an inert stage where the surface reaction can be
neglected. It is followed by a transition stage in which the
chemical reaction becomes important. In this transition
stage, the reaction front translates to regions close to the
leading edge, thus allowing the reaction to be controlled by
diffusion. In the final diffusion-controlled stage, the
temperature of the plate will increase until the steady-state
equilibrium temperature is reached. On the other hand, for
the adiabatic plate, there are only two characteristic stages.
In the inert stage, the temperature of the plate increases
faster at the trailing edge of the plate. Thus, only in regions
close to the trailing edge is the chemical recaction important.
At the end of the transition stage, there is a thermal runaway
that instantaneously reaches the equilibrium temperature in a
portion of the plate downstream of this position. Analytical
expressions for the critical ignition time have been obtained
for those two limiting cases.

From the definition of « [Eq. (7)], we have

_K AN d
AL L

where K = Pr* /0.332VvpC, ~ 1 m? Kvs/J for air.
For the typical values of d/L~0.1 and u_L~1 m?2/s, we
obtain finally

a~Ap/10

or a~10 for metals and a~0.1 for ceramic materials.
Therefore, the limit a— oo can be used for metals and the

limit o—0 for materials with very low thermal conductivities
A\Ww~1 W/m-XK).

Appendix
In this Appendix, we describe the numerical schemes used
for the integration of the Eqs. (10) and (12). It is convenient
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to introduce a new coordinate z=§%. Therefore, Eq. (10)
takes the form

1 SZ dy dz (A1)

z% Jo dz [1-(/2)1”

For small values of z, that is z—0, Y can be expressed as
Y~1-az?, for z—0 (A2)

Introducing Eq. (A2) into Eq. (Al), we can obtain the
following values for constants ¢ and b:

LA CO N
o= e =70

b=%

This relation will be employed in the numerical calculation.
We divide the z coordinate in equal-spaced increments Az.
Thus, the position of the N point is given by NAz. Equation
(Al) transforms to

N o kAz dy dz
—yigh= ) 5 & A3
z &-naz dZ (2-2)7 a3)

The derivative dY/dz can be approximated by a first-order
Taylor expansion as

dYy dY) 4 d2Y> ( )+ 0 (Az2) (Ad)
—_—=— Z2~Z- V4

dz dz /gy d22 /4y ke
where the subindex k— 1 means that the derivatives are to be
evaluated at z;_; =(k—1)Az. We use central difference for-
mulas given by

dY) Y~ Y,
k-1

dz 2Az

and
dz Y) Y -2Y, Y,
dz B AZ?

Equation (A3) then can be written as

E[dz )k l—dZY zk_l]

) S"Az zdz
k19 (k-Daz (2—Z2)%

(AS5)

d

kAz N
| E
(k-Daz (Z— z) ? P

Evaluating the integrals and after ordering terms, we obtain

33 1 1
S5 Yo+ Yha" Az =F(N=1) (A6)
where
3 N-—
F(N-D=- E — Y, DI(N+1-k)*
k=1
N—-1

9
—~(N-Kk)*”] BT E (Ye=2Y, ,+ Yk—z)[(N+1—k)5/3
k=1

IV B LS A

20
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Therefore, the value of Y at the point z=NAz(Y,) can be
obtained from the algebraic equation (A6). In general for a
noninteger n, iterative methods can be used to evaluate Eq.
(A6). From the analysis illustrated above, it is necessary to
have the values of Y at the two adjacent points. However,
for N= or k=1, we have only one point Y, =1. Therefore,
we can use Eq. (A2) to evaluate Y;. This is given by

Y, =1-aAz* (A8)
The same problem arises in Eq. (A7) when k=1. In this

case, the integral from Eq. (AS5) can be obtained with the aid
of Eq. (A8). Thus, F(N—1) can be given by

Z

3 A
F(N-D=- Y (Y-
k

Y DIIN+1-k)”

Il
N

~(N=k)¥%] - E ~2Y, + Y )

vo'\o

5
X [(N+ 1—-k)>3 — (N—=k)*? —-;(N—k)%] —%YN_I

2y el '/B( )(2 2) (A9)
—_az” )
20 Nt yeeAR 3773

where B(1/N) (%, %) denotes the incomplete beta function.
To evaluate Eq. (12) numerically we introduce in the same
way z=£f%. Thus, Eq. (12) is then given by

C oy ez
- 5 ds
G= 37 So Y"z7dz (A10)

Equation (A10) can be rewritten as

y X
Cy=— S
N 3% Kgl

Here, Y” can be expanded in Taylor series given by

kAz

Y"z¥dz (All)
(k—1)Az

dY
Y'=Y; +nYiZ 1_“) (z—z-)+0(AZY) (Al2)
dz /-y
where
dY) Y-V,
dz 24z

Introducing Eq. (A12) into Eq. (All), finally results in

20743 (3 & n
SR £ Y

Y,—Y -
T o] S Y (Y= Y o)k 1)]

N
X [£*3 — (k—1)*3] 3_42 (Y=Y, )

X [k7/3 _ (k__ 1)7/3] +Gl}

where G, =1-(an/2)Az” is obtained from the asymptotic
solution for small values of z given by Eq. (12b).
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